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The queation of the stability of steady motion of holopomic mechanical systems with cyclic
coordinates has been studied in many books and papers {for example, [1 to 9]) but the sub-
ject evidently cannot be considered exhausted. In 1957 Ishlinskii [10] published an ex-
ample of bifurcation of steady motions which did not lead to unstable modes. A secord,
similar example, has recently been given by Neimark and Fufaev [11]. Noting the
*anusualness’ of the bifarcation the authors of [11] assert that it is associated with the
existence of a set of steady motions.

In what follows we consider the stability of steady motions of holonomic mechanical
systems ; use is made of the theorems of Routh, Poincaré, Kelvin and Chetaev and some
new results are obtained. By way of illustration an example is considered, taken from [1l
It is shown that with the proper choice of parameters in this example no singularities occur.

The method evolved in the paper is characterized by a nnique approach to the study of
the stability of motion of various different mechanical systems and enables usto obtain
relatively easily the necessary and sufficient conditions for ‘secular” (in a particular
sense) stability of steady motion.

1. Consider a system of material points with ideal geometrical constraints under the
action of potential forces. Let ¢; {(j = 1, . . ., #} denote the independent Langrangian
coordinates of the system; g; and p. generalized velocities and impulses; T and II kinetic
and potential energies of the system and L = T —~ I a Lagrange function.

As fundamental variables which define the state of state of the system at any instant
of time ¢, we use the Routh variables [9]

gingi =1 ... k), Gas Pa (a=k+1, ..., n)

We introduce the Routh function

R(qi, @i Gar Pa) = 1- a;ﬁ Pats w

We assume that this function is not explicitly dependent on time, and write the equations
of motion for the system in the form of Routh’s equations

d R an
vt s — = | — PR ,1 .
it Bg; oy, (i=1, , k) (1.2)
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dq, 3R dp, __ 4R
—dt—...———._-——a——PZ, W—-——-é—q—; (a=k-+4+1, ....n0) {1.3)
Equations (1.2} and (1.3) admit the energy integral
k
. 8R
H = Zlqi 3_q: — R = ¢onst (1.4)
i=

Suppose that the coordinates g, are cyclic, i.e. that JR / 8¢y = 0.Then we im-
mediately obtain from Equations (1.3) the first integrals

P = Cs (o=k+1, ..., n) (1.5)

where ¢_are arbitrary constants of integration. Thus Equations (1.2) contain only the
variables g; together with their first and second derivatives with respect to time ¢, and the
constants ¢_. These equations can be looked upon as the equations of motion of a system
with & degrees of freedom, characterized by the Lagrangian function R (g, Q{, Ca)e We
shall call this a reduced system corresponding to the initial mechanical system and char
acterized by the Lagrangian function L (g;, ¢;, ¢a). After system (1.2) has been in-
tegrated the cyclic coordinates can be found from Equations (1.3) in the form of quadratures.

By Expression (1.1) the Routh function is
R = RB + Rl _ W

in view of which Equations (1.2) assume the form

k
d 0R, ORy _ W s j=1,..., k (1.6)
_d’{'ﬁa‘ - ag, ag, +j§1g!3(1?5 (i ! )
Here
1 < i
_ . . i
Ry =5 Z a15(9) 9595 s W=H(q)—{—§ D bap (q) Papp
‘i; j=1 o, B=k+1 (1 7)
X .
Ry =2 ai(g, ©)gi

‘i=1

denote respectively the kinetic and potential energies of the reduced system and the part
of the Routh function which is linear in the velocities qiz and

gi;i:’g;?_'é‘;,‘;—’ 8ij = — 8ii
are gyroscopic coefficients. The function R, will be the positive definite guadratic form
of the velocities ¢; (i = 1, . . ., k).

Thus if the initial system is under the action of potential forces, derivatives of the
force function I1, then the reduced system is under the action of potential forces, derive
atives of a force function W, and gyroscopic forces. The latter will not exist only when all
the gyroscopic coefficients gj; = 0 (i, j = 1, . . ., k). In this case the system is called
gyroscopically unconstrained. We further assume that the function W is a continuous function
of the coordinates q; with continuous partial derivatives with respect to g;-

2. Under certain initial conditions ¢;°, q’{’ =0, p.° systems with cyclic coordinates
ander the action of potential forces can undergo steady motion in which the positional
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coordinates ¢; and the velocities of the cyclic coordinates g, retain their initial values and
cyclic coordinates vary linearly with time. For fixed values p,° = ¢, the constants qio
can be found from the equations

oW jag; =0 (i==1, ..., k) 2.1)
which are the equations of equilibrium of the reduced system.

The potential energy W (gi, Ca) of the latter depends not only on the positional
coordinates g;» but also on the arbitrary constants Ca (@ =k + 1, ..., n),which can
be looked upon as parameters. A general theory of the equilibrium of such systems for
various values of the parameters has been proposed by Poincaré [3 and 5].

Let

:(pi(s) (Ckits + - o1 Cn) (=14,.. &k s=14,2 ... (2.2)

represent the roots of Equations (2.1); we assume that the fanctions ¢,* (c,) are conti-
nuons functions of parameters c,. Thus the steady motions form sets of dimension n — £,
each point of which is a stationary point of the potential energy W for fixed ¢ a

In the n-dimensional space G of the variables g; and ¢, Equations (2.2) define hyper
surfaces ¢, which together form some real hypersurface B, different points of which cor-
respond to possible states of steady motion.

The roots (2.2) of Equations (2.1) are determined uniquely at all ordinary points of the
space G where the Hessian of the potential energy of the reduced system

oW

4,045

Points at which A = 0 are called critical or bifurcation points; in the neighbourhood

A= (2.3)

of such points Equations (2.1) do not have a unique solution. At such points different hyper-
surfaces C, may intersect or have tangential hyperplanes orthogonal to the subspace C"g
of the space G.

Consider the question of stability in the Liapunov sense of some steady motion cor~
responding to a specific point on the surface B. Without loss of generality we can assume
that for fixed values of ¢ this steady motion corresponds to zero values of the function W
and all the positional coordinates 9;=0.

Let us now apply to the system sufficiently small initial perturbations, assuming that
in the perturbed motion

o
Qo = an -+ an Pa == Do+ Ma
and retaining the previous notations for the positional coordinates and their velocities, The

equations of the perturbed motion will now be given by Equations {1.6) and the equations
obtained from (1.3). In explicit form these equations are as follows:

1 0a, .. (2.4)
2“13(98)93 + S‘ ( oq, ‘_2—5‘5) I s —
3 . 8W (g, ) . .
— 2 il PG =0 (=L D (2.5)

j=1
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& _— 6‘R ‘—qa.o’ d‘rla :O (a=k+1’.‘” n)

e~ o, dt

From the first group of equations of (2.5) we find that steady motion is unstable with
respect to cyclic coordinates g, in the general case of g+ ° 5= — OR / 4. Consequently,
it is reasonable to speak of the instability of steady motion only with respect to the quan-
tities q;, q£ and P, or to some continuous single-valued bounded functions of these quan-
tities.

The equations of perturbed motion have, evidently, the energy integral

H =R, + W = const (2.6)
and also the cyclie first integrals
Te == const (2.7

Due to the existence of integrals (2.7) motion of a system with cyclic coordinates is
obviously stable with respect to p,.

With arbitrary sufficiently small perturbations the equations of perturbed motion will
therefore he given by Equations (2.4) for the reduced system near its equilibrium position,
and they will depend on fixed values of 1, 5= (.

But in this case it may happen that

(3W (qs.aé:i-i- M) )

-0
=0

i

i.e. the equilibrium position g; =0 of the reduced system will not satisfy Equations (2.4)
and its perturbed motion can be accomplished under constantly acting perturbations, which
belong to the category of potential perturbations {[5}, p. 255). In order not to consider these
perturbations we can set, as is usually done, all 7y = 0, i.e. confine our attention to a
study of stability under perturbations whick do not alter the constants ¢ . Stability of this
sort is called Liapunov conditional stability.

Note that the supposition of the imperturbability of cyclic impulses p = ¢ indicates
only that to every perturbed motion of the system there corresponds a definite steady motion
[7]. In fact, if we impart to the unperturbed motion, for which Po= ¢, arbitrary sufficiently
small perturbations, we can consider the perturbed motion of the system as described by
Equations (2.4) for fixed values of 7, == 0, as perturbed motion corresponding to steady
motion for which Do = €4 ~+ Y4, and ¢; = ¢;’, and

(‘ﬂ}V (g4 €x + Ny ) =0

aqi ) qisqiﬂ'

where we can make f qul as small as we like.

It is well known that the stability of steady motion can be effectively investigated by
using Routh’s theorem [1}, which can be formulated as a particular case of a corollary of
Liapunov’s stability theorem ([5], p. 19). According to this theorem if for given P,a= 4 the
energy integral H = const has an isolated minimum, then the steady motion is stable, at any
rate for perturbations which do not alter the values of the integrals p a™ Ca
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Liapunov [4] observed that if the integral # = const has a minimum not only for the
given values of p = ¢, but also for any sufficiently close to them Do = Cq + g, and
if the values of the variables g; which make # a minimum are continuous functions of Pe
then the steady motion is stable for any perturbation.

This theorem can easily be proved by the method of nommal €«proofs. We shall not,
however, dwell upon this, but simply observe that geometrically the theorem is almost
obvious. Since R, is positive definite the integral H has a minimum when and only when
the function W has a minimum. If the unperturbed motion corresponds to some point on the
surface B which does not coincide with the critical point but corresponds to the isolated
(for the given p = ¢,) minimum of the function W, then for sufficiently small perturbations
Na =& 0 the steady motion remains all the time in the neighbourhood of the minimum of W
corresponding to the values p = ¢_+ 17, and is absolutely stable.

Since Routh's theorem in effect amounts to Lagrange’s theorem for the reduced system
there exists a well<known analogy between steady motion and the equilibrium of holonomic
systems under the action of potential forces. In general, in problems of instability no similar
analogy exists, since the steady motion may be stable also when the function W has no
minimum — in such cases gyroscopic stabilization takes place [5].

Consequently we can talk of the converse of Routh’s theorem when the function W has
no minimam only on certain supplementary conditions. The most simple case of the con~
verse of Routh’s theorem is a gyroscopically unconstrained system on which no gyrescopic
forces act. In this case the theorems of Liapunov and Chetaev [5] on the converse of
Lagrange’s theorem are fully applicable.

In the case of gyroscopically constrained system the problem becomes more complex.
One particular case of the converse of Routh’s theorem is the well-known theorem of
Kelvin, according to which it can be said that if the number of negative roots of the
equation

W 1 §i=7
A M) =le,;— 8,21 =0, ci,.:(-g;;ff-;@)@, =11 1= (o

K 5700 i)
is odd or if there are no zero roots, then the motion is unstable. If the number of negative
roots is even, gyroscopic stabilization is possible.

We indicate a further particular case of the converse of Routh’s theorem. Suppose that
for the steady motion 9= 0 function W has no minimum and, that for values of the vari~
ables g. arbitrarily small in absolute magnitude it can assume negative values. Consider
the function

In the neighbourhood of values of g; and q‘.' arbitrarily small in absolute magnitude we
isolate a region defined by the compatible inequalities

k
0, S {%R- =0 2.9

IS | ?

From the equations of perturbed motion (1.2) the derivative of the function ¥ with
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respect to time can be expressed in the form

k
Ve —H(2R+ R+ D¢ —?,?—) (2.10
=1 "

On the basis of Chetaev’s instability theorem we conclude that the following theorem
is valid.
Theorem 2.1. If in the region (2.9) the function

ap

k
2R+ Ri+ D) s ;;" (2.11)
i=1 1

is positive definite with respect to ¢; and q‘.' , then the steady motion is unstable.
Corollary 2.1. If in the region (2.9) the quadratic part R® of the expansion of Routh’s
function into a Maclaurin series

R =R® 4 | (2.12)

is positive definite, then the steady motion is unstable [12].
Indeed, substitating (2.12) into (2.10), we have

— _HER®+2R® —2Ww® 4 .. )= —HQER® +..))

which proves the assertion. Here
k

k
da
@) __ 1 . @ 1
= Z (aq,) 9595 w =5 Z 43995
ij=1 i‘o ij=1

the row of dots representing infinitesimals of order higher than the second.
Remark 2.1. If R®) is positive definite in any sufficiently small neighbourhood of
; =0, it can be shown that the above corollary is equivalent to the theorem in Section 4
of [13].
Remark 2.2. Other particular cases of the converse of Routh’s theorem are shown in

[14].

To conclude this section we note that for a specific hypersarface C ¢ of steady motions
(2.2) the Hessian of potential energy (2.3) is given by

A= A(cgn oo s Ck)

Therefore, loss of stability of steady motion and also of equilibrium can occur only
at critical points at which at least one of the roots of Equation (2.8) passes, in changing
its sign, through zero [3 and 5].

3. We proceed now to an investigation of the effects of dissipative forces on the
stability of steady motion. First consider the case of the dissipative forces

af .
§ == — |57 == .- k .
Qi 5e; (i=1,.... k) (3.1
the derivatives of Rayleigh’s function

Kk
95 NY eyl
2f = }ileu (9) 4:¢; (3.2)

i, j
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which we shall assume to be a positive definite function of q; (i = 1, . . ., k).

The equations of perturbed motion in this case differ from Equations (2.4) only in the
right-hand sides of (3.1). From these equations we easily obtain the equation

DRy W) = — 2 (3.3)

for the rate of energy dissipation.

Theorem 3.1. If the function W has an isolated minimum for the given values of
P,= c,and also for any sufficiently close values Pa = Cx + Mz, and if the values of
q; which make it a minimum are continuous functions of p  then the dissipative forces (3.1)
do not destroy the stability of the steady motion corresponding to the given p = c_and any
sufficiently close perturbed motion tends asymptotically to steady corresponding to the
values of p, = ¢4 + 1,.

Let us disturb the system in its steady motion under consideration by imparting to the
points of this system small initial deviations and velocities. On its own the system will
behave in accordance with Equations (3.3), which leads to the inequality

Ry+ W (ge ¢) + W SR, + W (@ cq T 1) (3.4)
where the superscript © denotes the initial value of the relevant quantity, and
W = W (gs, ¢ T Ma) — W (g5 <a)

By W, we denote the smallest possible value which W (qs, ¢,) can take if one of the
coordinates g; becomes equal in absolute magnitude to a given arbitrarily small number
A >0 and the remaining positional coordinates | g;| T 4. Obviously W, > W (0, c,).
The initial values g;° of the coordinates ¢; can be taken sufficiently small, so that
w < W,. Whatever the initial position of the system was, the initial velocities can be
taken such that the constants R, and |1, | are as small as we like. We select these
constants to be so small that

R 2(0) + W(O) —W < W,

for all values of [g; | <X 4, which is possible with the assumptions made concerning
continuity. With this choice of initial conditions during the whole of the subsequent

motion we shall have
R, + W< W, (3.5)

It follows that W <W,. This inequality is satisfied at least while | ¢;|<C A. But the
initial values of | ¢i°| are necessarily less than 4, and since q; vary continuously with
time, ]q‘-l cannot exceed A without first equalling this number. But from (3.5) the equalities
Iqil = A are obviougly impossible. Stability with respect to velocities also follows from
the inequalities (3.5).

Consequently any perturbed motion of the system which is sufficiently close to the
given steady motion will always occur in the arbitrarily small neighbourhood of the un-
perturbed motion. But according to Equation (3.3) the energy of the system H in perturbed
motion is dissipated until all the positional coordinates q; are constant, and, under the

conditions of the theorem, this is possible only for steady motion corresponding to the
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minimum of W with perturbed values of Pa = ¢u + Ny. Thus the theorem is proved.

Corollary 3.1. If the function ¥ has an isolated minimum for given ¢, then the steady
motion becomes asymptotically stable when the dissipative forces (3.1) are added, pro-
vided the values of the constants p = ¢ _ are not altered.

Remark 3.1. For ordinary points on the surface B when the second variation 7@ of
the function W is positive definite, the above corollary becomes the theorem of Kelvin
[2 and 5].

Remark 3.2. When W'?) is positive definite it can easily be shown that the character-
istic equation for the first approximation equations for the system of equations of perturbed
motion is of the form [11]

D()y=A"k Dy (M) =0 3.6)
where
k E k
D, (.x)::! Sahe — S (g b e b+ D) cﬁﬁ:n (3.7)
j==1 i=1 j=1

is the characteristic equation for the first approximation of the equations of perturbed
motion for 77 = 0. Since when 7P s positive definite all the roots of the latter have ne-
gative real parts, then for the system of equations of perturbed motion all the conditions of
the Liapunov-Malkin {15] stability theorem are satisfied in the special case of several

zZero roots.

Remark 3.3. The asymptotic stability of steady motion under the conditions of
Theorem (3.1) can also be proved by making use of the theorem of Krasovskii ([15], par.
103). In fact in the present case the set M (g, == 0 (i = 14 ooy k)) does not contain
whole modes of the system in arbitrarily small neighbourhood of steady motion.

We can also prove [16] a theorem which constitutes the converse of Theorem (3.1) and
generalizes the corresponding theorem of Kelvin {2 and 5]

Theorem 3.2. If for a steady motion, isolated for given Cos the function W has no
minimum and if in the sufficiently small neighbourhood, of this motion it can assume
negative values, then the steady motion is unstable.

As is well known [2 and 5], Kelvin introduced the important concept of secular and
temporary stability of equilibrium positions. These concepts can evidently be extended to
stability of steady motion. In doing so, we shall differentiate between cases when in the
perturbed motion the system is sabjected to dissipative forces which depend on the velo-
cities only of the positional coordinates (the impulses Px = € T 1, remaining constant),
and when the system is subjected to dissipative forces which depend on the velocities
of all the coordinates. In the first case the stability will be called *secular’ {in quotes)
and in the second case, secular (without quotes).

From Theorems (3.1) and (3.2) we obtain the obvious conditions necessary and suffi~
cient for the *secular’ stability of steady motion.

Note also that for ‘secular” stability of steady motion as well as for positions of
equilibrium the law of loss of stability for fixed values of parameters is valid [3 and 5].
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Finally we shall look very briefly at the case when a system with cyclic coordinates
is subjected to dissipative forces, derivatives of a Rayleigh function

n
2F(g;,q,)= D) 8,95,  e;= const (3.8)
1, =1
which is negative definite with respect to all velocities ¢;(; = 1, ... n). In this case

steady motion is possible only if certain constant forces R. are applied to the system
which balance the dissipative forces in the state of steady motion under consideration
[17]. The equations of motion are then of the form

(3.9)
,il_ oL oL 8F R _d_~ JL o or P i1, ...,k ‘\\
at dg;  aq; gy T & g, 9, T M ( kit o)
whence we obtain an equation for the rate of energy change
n
d o q . (3.10)
o (T )=2F + > R
j=1
Equations (3.9) have the obvious solution
g =9q;, =0, 4 =q,° (3.11)
which describes steady motion if for the values (3.11) the conditions
oL ¥ . (3.12)
_—-+——) 4 R.= (j=1,..., n)
(dqj 29; /o a 3

are satisfied.

For the perturbed motion it is not difficult to obtain from Equation (3.10) the equation
d (2) . . . .
-E_t_[H (qiv qi¢E\1)+"']=2F (qi,Ea ) (3-13)

where the row of dots indicates terms of order not lower than the third.

An exact repeat of the proof given by Chetaev ([5], pp. 77+79) for the theorems of
Kelvin shows that if the second variation H (? of the energy of the system is a positive
definite function of the variables ¢;, g; and £+ then the anperturbed steady motion is
asymptotically stable, and if # @) can assume negative values, then it is unstable [17].

These results have generalizations analogous to Theorems 3.1 and 3.2.

From this follow the obvious conditions which are necessary and sufficient for secular
stability of steady motion.

4. Example. Consider a heavy solid body with a horizontal axis which can rotate
about a vertical passing through the point O of intersection of the axis of a pendulum with
a plane orthogonal to this axis and containing the centre of gravity of the pendulum [10
to 12]. We take the point O as the origin of a fixed system of coordinate axes O fngwith
the {-axis directed vertically downwards and also as the origin of a moving system of
coordinates Oxyz, the x~axis of which lies along the horizontal axis of the pendulum, the
z-axis along a straight line passing through the centre of gravity of the pendulum and the
y-axis orthogonal to these two axes. The angle between the {- and z-axes will be denoted
by & and the angle between the & and z-axes by ¢ - These two angles completely define



On the stability of steady motions 1099

the position of the body in space. We shall take the axes of x, y and z as the principal
axes of inertia of the body for the point O ; the moments of inertia of the pendulum about
these axes will be denoted by 4, B and C, respectively. Let Mg be the weight of the
pendulum and a > O the coordinate of the centre of mass along the z-axis.

In [11] the case is considered when 4 = B and, in addition to gravity forces, dissipats
ive forces are applied, which depend on @ °. The first integral of the equations of motion

p=ﬁ:(Bsin26+Ccos20)(p'=c (4.1)
corresponds to the cyclic coordinate ¢ .
We introduce the notations
B—C c?

a:—B— R G,<1, B:MgllB ’ B>O (4’2)
and with the accuracy to an insignificant multiplier we write the potential energy of the
reduced system in the form

, 8
W T2 —acos? g)—cos O (4.3)
For this pendulum a is obviously constant.

The equation of steady motion

ow . aBcosO
W:SIHGO—H——(ICOSW):O (4.4)
has the roots 0, =0 and 6, = w for any value of the parameter 3 and another root 8 where
(1 —a cos? 0,)? / (a cos 0,) = B, or B, cos™! (1/aQ), if o # 1 and[11]
By
Q= Fypq >lal™

Thus in the O,B-plane there are three branches Cs of the curve of steady motion, the
first two of which are the straight lines @ = 0 and @ = 7. Let us examine the shape of the
third branch 0; = 0, (B), given in the form of an implicit function by the equation

af cos O,

e Rs 4.5
(1-—acos203)2"0 “.5)

J(0, 31—
Since 8> 0 it follows that

0O, <n/2 if a>0,a/2<0<xn, if a0,

and
0,=0,n for =P, =01 —a)lal? (4.6)
Taking the total differential of (4.5) with respect to 3 we find, that
s _ a cos? O3
3 (1l —acos?03) (1 + 3o cos?03) sin O,

Obviously dU,/ dp = 0 only for g, = 1/, 7.

Also, dfl;/ dp = = forf; =0, m and for cos? 0, = —1/,0, provided that a < —1/3.
The parameter 3 is then given by
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16 3 '
(Er

By (4.7)

Within the interval under consideration ( < 0, < 7 the sign of the derivative d0; / dff
is determined by the sign of (1 4- 3% cos® U,)"!, hence 0,/ dp >0, if & >0 orif
a<0  but cos®0y > —1/(32);  if @ <0 and cos® 8, < —1/(3a), then d0; / df < 0.
Note also that ; »1/,n1 as 8+,

The approximate shape of the curve 6; = 0, (B) for various values of a is shown in
the figure.

The Poincaré stability coefficient for the reduced system is

_ ( W 13 cos B, ' 1+ 3xcos? 0,
8, = T >N_ = cosf, (1 — my) - afsin? 0, (_1?0?6;@)‘3

where 0, denotes one of the three values of the roots of Equatien (4.4). For the branch
C,,0=0,=0, so that
6 =1—af(d —a)?

If a> 0, then 8, > 0 for 8<f3,, and §, <0 for B> 3,. If a <0, then §; > 0 for any
value of 3> 0.

For the branch C;, @ =6, =7, so that

§,=— 1 +af (1 —a)?]

If a> 0 then &, <0 for any value of 3>.0; if a <0 then &, > 0 for 8> 3, and

8, <0 for B < B,. For the third branch Cy, when @ =8,, we have
6; =aP sin®8; (1 4 32 cos?8,) (I — « cos? 0,)3
If a >0, then 8 > 0 for any value of 3> 0; if 0> a>—1/3 then 8 <0 for any value

of B.

g

If a<—1/3 then §;> 0 for cos?8; > — 1/3a¢ and P, < B <P, , and &, <0 for
cos?f, <—1/3 C.

Consequently it can be asserted that the steady motions of the pendulum are:

(A) ‘*secularly’ stable if they correspond to points:

(1) on the branch C, for any value of 830 and a<0 or for 3 <f,, and a> 0;

(2) on the branch C, for 8> B, and @ <0;
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(3) on the branch Cj for any value of 8, if a >0 and for* f3, < <p, if

a<—~173 and cos?f,> - 1731 ;

(B) unstable if they correspond to points:

(1) on the branch C, for 8> 3, and a > 0;

(2) on the branch C, for 3 </3; and @ <0 or for any value of B if > 0;

(3) on the branch C, for any value of 3if 0> a>—1/3 orif @ <~1/3 and

cos? 8; > — 1/3q;

In the figure the regions of stability are denoted by small circles. Points
M, (®=0, p=2P;) and M, (8 =, f§ = B;) are bifurcation points; the point
M, (0 = 0,, p =B,) is also critical and loss of stability on the corresponding branches
takes place at these points. Note also that the tangents to the branch C, at the points M;
are parallel to the axis 3 =0, i.e. these points are limiting point [6] for the branch C,.
It is also easy to check that the law of loss of stability is satisfied for fixed values of
the parameter 3.

In [11] a figure is given (Fig. 2) for the case of 4 =B, —1 <{a < —1/; , which
shows curves of steady motions in the  {2-plane. For | a|™1 < @< V 3]|a |1 steady
motions corresponding to points on all three branches are found to be stable, which would
appear to contradict the law of loss of stability for a fixed value of {) and causes, as it
were, an ‘unusual’ nature of bifurcation. In fact the curves should be drawn in the #3-
plane (see Figure) since the constant parameter here is 3, not ().

Note that the bifurcation of the kind considered here is encountered, for example, in

the theory of equilibrium curves for a rotating liquid [6].

We consider finally the question of the stability of steady motion of a pendulum when,
apart from gravity, it is subjected to dissipative forces with total dissipation and constant
forces which balance the dissipative forces in the steady state.

With the notations of (4.2), we find that

2w B 1 W sin 0 cos®
dcz ~ 1—acos?0’ G9oc — — ac (1 — acos?0)?

It can easily be seen that the sign of

W 0 \2
< Oc? >s 65_( 00 d¢ >s

Loincides with the sign of 53 for § =0, = 0 and 0 = 6, = 7 and with the sign of a for
6 =0,.

Consequently, under the action of dissipative forces with total dissipation and of
constant forces balancing the dissipative, steady motions corresponding to points: on the
branch C, for any value of 330 and @ <0 or for 8 <3, and @ > 0, on the branch C, for

B> B, and a <0 and on the branch C, for a > 0 are secularly stable, and those correspond-
ing to all other points on the branches C, are unstable.

* Note that the assertion made in the last two lines of[12] is valid with the exception
of this case.
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